Forced Periodic Control of an Exothermic
CSTR with Multiple Input Oscillations

Interaction among various oscillating inputs may result in significant
modifications in the behavior of a system under forced periodic control.

Forced oscillations in the input flow rate and input concentrations of
an exothermic continuous stirred tank reactor enable the stabilized
operation of the CSTR in the unstable steady state region. Reactor tem-
perature oscillations under forced periodic control are similar to the
oscillations resulting from proportional-integral feedback or nonlinear
{push-pull) feedback control, and under some operating conditions the
oscillation amplitude is significantly lower. Theoretical and experimen-
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tal studies illustrate the effects of forcing frequency and phase shift on

reactor behavior.

introduction

Forced periodic operation of chemical reactors has been used
effectively for conversion improvement, selectivity, and yield
enhancement in complex reactions and the stabilization of reac-
tor operation. References to various review papers, different
analysis techniques developed, and applications reported are
given by Cinar et al. (1987a). Recently there has been a revival
of interest in periodically forced systems. Promising experimen-
tal results on yield improvement in catalytic reactions have been
reported (Cutlip, 1979, Jain et al., 1982; Wilson and Rinker,
1982; Barshad and Gulari, 1985, 1986; Silveston et al., 1986). A
technique based on the Carleman linearization of nonlinear
plant equations and the maximization of a time-averaged per-
formance measure has been proposed (Lyberatos and Svoronos,
1987) for determining the optimal periodic operation and has
been applied to an isothermal reactor model for the selection of
the best forcing frequency, amplitude, and waveform. Common
features of periodically forced reacting systems, particularly
properties of spontaneously oscillating systems that are forced
periodically, have been considered (Kevrekidis et al., 1986) and
an algorithm using stroboscopic representation has been pre-
sented for the numerical computation and stability analysis of
invariant tori. In stabilizing reactor operation by periodic forc-
ing, the vibrational control approach has provided successful
theoretical and experimental results (Cinar et al., 1987a, b).

Vibrational control (Meerkov, 1982) is a method for modifi-
cation of the dynamic properties of a system by introducing fast,
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zero-average oscillations in its parameters. The theory of vibra-
tional control has been developed for linear and nonlinear
lumped-parameter systems (Beliman et al., 1983, 1986a, b)
using the method of averaging (Bogoliubov and Mitropolsky,
1961). Vibrational control of an exothermic continuous stirred
tank reactor (CSTR) by forced oscillations in input flow rate,
for stabilized reactor operation has been reported (Cinar et al.,
1987a). An application of vibrational control to a laser-illu-
minated thermochemical system for stabilized system operation
has also been presented (Bentsman and Hrostov, 1987).

This study addresses the reactor stabilization problem by
forced periodic control with multiple oscillating inputs. The
preliminary theoretical results (Cinar et al., 1987b) indicated
that the interaction of various oscillating inputs may cause sig-
nificant reductions in output oscillations. Multiple oscillating
inputs also enabled the separation of the average concentration
and temperature curves, as illustrated in Figure 6). This creates
an opportunity for obtaining higher reactor productivity at a
given average temperature. In this paper, a comprehensive theo-
retical analysis and experimental validation of forced periodic
control by multiple oscillating inputs are given. As an example
system, a CSTR with homogeneous liquid phase exothermic
reaction is used and periodic forcing of total input flow rate and
of reactant input concentrations is considered. Theoretical and
experimental results show that the contribution of the interac-
tion does not always lead to an improvement, and the determina-
tion of the phase shift range that causes desirable results is
needed.

The effects of multiple oscillating inputs on conversion im-
provements and selectivity enhancements have also been studied
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by using the w-criterion approach (Watanabe et al., 1982; Sincic
and Bailey, 1980). The contribution of an interaction term that
includes explicit dependence on the phase relationship between
the inputs has been noted (Sincic and Bailey, 1980). The =-
criterion approach permits the consideration of small-amplitude
input vibrations. The “vibrational control” approach, on the
other hand, enables the analysis of systems subject to high-fre-
quency and large-amplitude input forcing.

In this communication, reactor stabilization experiments us-
ing other approaches such as proportional-integral (PI) feed-
back control and nonlinear feedback control (Bruns and Bailey,
1975, 1977) are also presented. For the test reaction considered
in this work, stabilized reactor operation in the unstable steady
state region using PI feedback with coolant flow rate manipula-
tion has been reported elsewhere (Chang and Schmitz,
1975a, b). Forced periodic control experiments performed with
coolant flow rate oscillations, and PI feedback and nonlinear
feedback experiments conducted with reactant flow rate manip-
ulation permit the assessment of all control techniques and
manipulated variables considered.

Reactor System
Experimental system

The pilot plant used in earlier studies has been modified to
enable simultaneous changes in concentration and total flow
rate of input streams while keeping the ratio of reactant concen-
trations fixed. The reactor system and the dedicated control
computer are described in detail by Cinar et al. (1987a). The
basic modification is the addition of a third storage tank, Figure
1, which can be used for injecting a water stream at the same
temperature as the other reactants to modify the inlet reactant
concentrations and the total flow rate. The tubing and control
valve (identical to the other valves) that connect this tank to the
reactor has also been used for stabilization of reactor operation
by vibrating the coolant flow rate. For this mode of operation a
0.375 m long, 6.4 mm (¥ in.) OD stainless steel coil is inserted in
the reactor. As the test reaction, the second-order exothermic
reaction between sodium thiosulfate (Na,S,0;) and hydrogen
peroxide (H,0,) in aqueous solution is used. For the feed con-
centration ratio used, the stoichiometric equation for this reac-
tion is:

IN2,S;0, + 4H,0, — Na,S;0¢ + Na, SO, + 4H,0

The values of various parameters and operating conditions used
in theoretical and experimental studies are given in Table 1.

Reactor model with unforced reactant flow rates
The material and energy balances describing the CSTR are:

Vdc,/dt' = F(car — c4)
— Vkyccpexp {—E/RT’)
Vdcg/dt' = F(cgr — cp)
— Vkoccpexp {—E/RT'}
(m,C, + pCp¥V)dT'[dt' = pCoF (T — T')
+ (—AH)Vkyccxexp {—E/RT'} + @ (1)
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Figure 1. CSTR network.

where ¢, and ¢z denote the H,0, and the Na,S,0; concentra-
tions, 7" is the reactor temperature, ¢’ is the time, and Q is the
heat taken by the cooling water. Under adiabatic operation @ =
0. When cooling water is used Q = (H/p,Cp )(T' — T,) where
T, is the coolant temperature and H is the effective heat transfer
coefficient expressed by an experimentally determined em-
pirical equation that is a function of coolant flow rate ¢, (Rigo-
poulos, 1986).
Defining the dimensionless variables

Caro — Ca
Xy = ——,
Caro

Caro — Cp
=",
Cpro
T - Ty E

Xy = ——— —

T.-Tr E

Tr RT;

X, =

the dimensionless reactor model for adiabatic operation be-
comes:

dx,/dt = —x, + Da(l — x)(1 — x;) exp {Qe(x)}
dx,/dt = —x, + bpDa(1 — x,)(1 — x,) exp {Qy(x3)}
dx;/dt = —=\x; + ABDa(1 — x;)(1 — x;) exp {Qo(x3)]  (2)
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Table 1.

Numerical Values of Parameters and Constants, Operating Conditions

Simulation Studies

Experiments

Cu = 1.2 x 10 mol/m*?
Cor = 0.8 x 10° mol/m*
3 =3.26 x 10" m*/mol H,0, - s
AH/pCr =732 x 10° m*K /mol
E = 67.65 kJ /mol H,0,
T, -2741K
m,C,/pCpV = 0.1

¢4 =1.2 x 10’ mol/m’
¢y =08 x 10" mol/m’
T, =27375 + 04K

V =240cm’

F)y =455cm’/s

F, =25cm’/s

Can = 2.0 x 10° mol/m?
can = 1.33 x 10°mol/m®
Cam = Cpn=0

where the exponent 1/(1 + x;/v) has been approximated with
enough accuracy using Qu(x;) = Zi_ox**'/(—v)*. A discussion
of the reactor model with unforced inputs, its experimental vali-
dation, and its regions of stability have been presented by Cinar
et al. (1987a).

When the coolant flow rate is forced periodically using square
wave forcing functions, g, = g.o[1 + A, f.(«'t)]. The heat trans-
fer coefficient, which is a function of g,, can be represented as
H = Hy + Ay f(«'t"). Foliowing the procedure of Cinar et al.
(1987a) the dimensionless reactor model is obtained:

dx\/dt = —x; + Da(l — x;)(1 — bpx,) exp {Qy(x;)}
dx;/dt = —Ax; + ABDa(1 — x,)(1 — bpx;) exp {Qy (x3)}
— M.Da(x; — x)[Hy + Ay fe(wi)]. 3

Reactor model with multiple periodically forced inputs

Assume that the periodically forced input flow rate is of the
form :

F(t) = K[l + Apf(o'1)] 4

and the periodically forced reactant feed concentrations are of
the form

Car(t) = Cpoll + Acf (&'t + 2mwa)]
cgr(t) = Chroll + Acf (&'t + 2m0)] )

where Ay and A¢ denote the amplitude, c,ro and cjpo are the
average input concentrations at constant flow rate, ' is the fre-
quency of oscillation, and o is the phase shift between the flow
rate and concentration osciliations. In this study the concentra-
tion oscillations will be generated at the same instant and the
frequency of concentration and flow rate oscillations will be the
same. Periodic forcing of other input combinations, such as cool-
ant flow rate (or coolant temperature) and one reactant input
concentration, or two reactant input concentrations with phase
shift, have not been considered because variations in the ratio of
reactant feed concentrations cause side reactions (Deng, 1985)
that are not represented by the reactor model. The occurrence of
side reactions is easily determined experimentally due to the for-
mation of H,S. The nonsymmetric rectangular waveform, Fig-
ure 2, which generates the optimal shape of oscillations for
linear systems (Meerkov, 1980) is used as the forcing function.
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Hence, f(«'t') is defined by

L—a, if(2n - a/2)r <|w'f|< Q0+ a/2)x

f W) ={—a, if2n+ o/ <|of|<n+2 - a/27
0, otherwise (6)
where « is the duty fractionand n =0, 1, 2, . . . . The flow rate is

shifting between a high value, Fy, and a low value, F,,. Similar-
ly, the reactant inlet concentrations take two values; for reactant
A, ¢pp and €45 The Fourier series expansion of f (w't") is

S(@'?) =D B cos ko't
k-1

where 8, = 2/km)sinakn Vk-=1,2,....

Since the input flow rate and concentrations are changing at
different instants (which are out of phase) the average input
concentration, ¢ 4z, over a period T must be defined using

1

T
Carg = TF. l; cap(WE)F (1) dr
[

This average c 45, can be expressed in terms of the average input

T
concentration at constant flow rate, ¢/4ro = (1/T) fo e (W't
dt’ and a multiplier &, as ¢)yro = KpC 4r0, Where

1/[a(Ar + Ag) — (6 + 20 ApAd, fa>0>0
kjc =/t - azAFAC]v

1/{e(4r + Ac) — (2% — 0)ApAc),

ife>a>0

ifa>—-6>0

1 -« T >
Carmd—Ca | «T |
Fa F
(=78 7 I N S, —d e =
FEr{—4——-7m—=>>""— CAFm
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1 1 >
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TIME, t
Figure 2. Nonsymmetric rectangular puise.
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The reactor system with input flow rate oscillations in the
form of Eq. 4 and input concentration oscillations in the form of
Eqs. 5 is described by

Vde,/dt' = Fo[l + Ap f(&')]

- dcapo —ca + (ke — Duro

+ kpeapoAcf (Wt — 2m0)}

— Vkycacpexp {—E/RT'}
Vdcg/dt' = Fo[1 + Ar f(o'1)]

« {egro — e + (kg — V)cgro

+ kpcppoAc f(w'0 ~ 2m0)}

— Vkocqcpexp {—E/RT'}

(m,C, + pCpV)dT'[dl = pCpFo[1 + A f(1)]
AT = T') + (—AH)VkocaCp
- exp {—E/RT'} @)

The corresponding dimensionless equations are

dx,/dt = —[1 + Ag flwt)]x,
+ filwt) + Da(l — x;)(1 — x;) exp {Qy (x)}

dx,/dt = —[1 + Apf(wt)]x; + fi(wt)
+ bpDa(l — x,)(1 — x,) exp {Qo(xs)}

dx,/dt = —N[1 + Apf(wt)]xs
+ ABDa(l - x)(1 — x,) exp {Qy(x5)} (8)

where Qy(x,) = Ei-ox’s‘“/(—v)",
filwt) = (1 — kp)Ap Y By cos kot
k=1
— kpAc Y By cos k(wt — 270)
k=1

— keArAc ) (w sin kot + vy cos kwt)  (9)
k=1

and
r[—cos akm + (1 — a) cos (20 — a)knr .
+ acos (20 + a)kw]/kn ifa>0>0
B = a[CfscEfsa(; a_)lz;kﬂ/kw ifo>a>0
\[(a——a 10)0;:(282 ((721 :)z.),,lj"/rk: cos akrw fas —o>0
( : ,
[(1(2; iaiizlwafwa:iﬁzz 1+) Zl)l;m] Jkn Ta>0>0
- {lsn o = hr = 2uin
\[(lal:‘tra—?- s(insi(rf(zz-; lj)/:)rk-:];lk; 2a) sin ifa>—-0>0
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Asymptotic Analysis

The averaged equations for the reactor system with periodi-
cally forced inputs are developed using the method outlined in
the appendix of Cinar et al. (1987a). The averaged Egs. 13 given
here permit direct computation of the cycle average tempera-
ture and concentration of the stationary cycling states. Hence,
long computations involving transient simulations until a sta-
tionary cycling state is reached followed by the calculation of
cycle averages are eliminated.

Reactor system with multiple periodically forced inputs

Lete=1/Tw, 0 = t/e,and a = eAg, where T, is the dynami-
cal response time constant of the reactor. The system with multi-
ple periodically forced inputs, Eqs. 8, can then be rewritten as

x =X (x, 0) + apX,(x, 0) (10)

where

X = [xla X3, x3]T

=X+ fi(6/T) + Da(l — x)(1 — x,)
exp {Qo (x,)}

=X + fi(6/T,) + bpDa(l — x,)(1 — x,)
exp {Qo (x;)}

—Ax; + ABDa(l — x;)(1 — x;) exp {Qp(x;)}

- B

Xi(x,0) =

and

"f(a/ Tr)xl
—f(6/T)x,
~AS(0/T)x,

X3(x,0) =

After solving the following generating equation,
dx/df = X,(x, 0) (11)

the expressions that will be used in substitutions are found:
Xy = y; exp {——a; Z B, sin k&}
k=1
Xy =), €Xp [—ap Z Bk sin k0}
k=1

X3 = V3 €Xp {—)\ap > Bisin k@] (12)
k=1

Substituting Egs. 12 into Eq. 10 and averaging Eq. 10 over the
fast time 6, the averaged equations are obtained:

2y = —2z; + S + Daexp {Qo(z3)}
- [1+ YA (23) — 112 + 20y (zy)}
+7%10H(z3) + Qu(z3)] — (21 + z,)
{1+ M0z + :(z9)1}
+ 22(1 + va{AQi(z5) + 112
+ N (z)) + 7. [01(25) + Q2(2))]1]
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2y = —z3+ 8 + bpDaexp {Qo(zs)}
LT+ GG — 1T+ X0y ()
+ 7. [01(z3) + Qa(23)] — (21 + 2)
AL+ N[0z + @zl
+ zi2(1 + 7alAQy (z5) + 117
+ N0, (z)h) + 7.101(z5) + Q:(2)]]

zy = —\Az; + ABDa exp {Qs (z)H1 + vINH[Q) (z5) — 1]

+ Q) + 72 Q1(23) + 02(23)] = (2, + 22)

A1+ NG(z) + A = 1 = A0 (2]

+ 2iz[1 + YVaN'Qa(z3) + [N — 2 — AQi ()]

+ 7.2 - NAQ1(z5) + @ (2]} (13)
where

Oi(z3) = 2_ (k + 1YZA*' /(=) Vi=0,1,2
k=0

af,- =
V==L 8
4 3

Nal
Yo = "7

3 o0
7 |5 2 Bt — 03616 + 156168, + 36,6:8:6,

S = (1 — kp)Apa2/8 D BBl
k=1

- kchC{(ai‘/S) EZ, B2 85, cos 2wka
- 1
+ (a3/4)B1 (8.8, + B:B3) cos 2o

+ (ap/2) i B, B, sin 2wke}
P
- kftAFAC{(aF/z) ; 2 B

+ (03/8) kZ v

6“— 2S“lak7| vk—1,2,~--
7|k

The steady state equations of the averaged system which
approximate the cycle averages of the stationary cycling states
are obtained by setting z,, z,, and z, equal to zero. The steady
state characteristics of approximate cycle averages, z,g and z,5/
B are shown in Figure 3 for various values of frequency w and
phase shift o. The dimensionless concentration is represented by
the broken lines and the dimensionless temperature (divided by
B) by solid lines. These two lines coincide for a given set of
parameter values when the reactor is operated with unforced
inputs or with forced oscillations in only one input (Cinar et al.,
1987a). With two oscillating inputs, changes in the frequency of
oscillation alone, Figure 3a, do not result in a large variation in
the averaged stationary cycling state profiles when there is no
phase shift between inputs. As expected, at higher frequencies
the profiles of the cycle averages of the stationary cycling states
approach the steady state profile of the system with stationary
inputs. Changes in phase shift—Figure 3b, curves 2-5 corre-
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Figure 3. Effects of frequency and phase shift on aver-

age steady state characteristics of CSTR.
A. Frequency variation with¢ = 0

B. Phase shift variations
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spond to o = —0.05, —0.15, —0.25, --0.35,—are more effective.
As the magnitude of phase shift increases or as the frequency of
oscillation is reduced, the profiles of the average system move
away from that of the system with unforced inputs and indicate
stabilized states in the unstable steady state region of the origi-
nal system. Stabilized operation in the unstable steady state
region of the unforced system indicates that, for a specific aver-
age residence time, the temperature and conversion of an unsta-
ble steady state of the unforced system can be obtained as stable
steady states of the averaged forced system.

The forced periodic stabilization is due to the formation of an
asymptotically stable limit cycle instead of the unstable steady
state of the system with fixed inputs, such that the average tem-
perature along the limit cycle is arbitrarily close to the tempera-
ture of the original unstable state. The average temperature of
such a limit cycle and the corresponding average residence time
is represented by a point on an S-shaped curve in Figure 3. The
stable limit cycle on which the system moves is a result of migra-
tion of the upper stable steady state, and not the result of stabil-
izing the saddle (unstable intermediate) steady state. For a
given state (the state variables being the concentration and the
temperature of the reacting mixture) the average residence time
under forced periodic control may be different than the resi-

Vol. 34, No. 12 2045



dence time of the system with fixed inputs. The proximity of the
two residence times depends on the operating conditions. For
some operating conditions, the upper branch of the average tem-
perature curve intersects the unstable portion of the steady state
curve of the system with fixed inputs (Cinar et al., 1987b) and
enables forced periodic stabilization at the same residence
time.

Previous studies have indicated a lower bound on periodic
forcing frequency (w = 2.5) for the asymptotic analysis to be
valid and for reactor temperature oscillation amplitude to be rel-
atively small (Cinar et al., 1987a). For frequencies smaller than
the lower bound, the deviations between the cycle averages of
the stationary cycling states computed by transient simulations
until stationary cycling state is reached followed by the calcu-
lation of cycle averages (namely Xs and X,5/B), and the cycle
averages computed by solving the steady state equations of the
averaged system (namely z,5 and z,5/B), are too large. Also, the
reactor temperature swings between the upper and lower stable
steady state temperatures in a quasisteady-state fashion. Conse-
quently, the forcing frequency must be set to a value greater
than the lower bound. Yet, as the forcing frequency is increased
the cycle average temperature and concentration profiles ap-
proach the steady state profiles of the unforced system and the
region for stabilized operation is reduced. Phase shift between
periodically forced inputs can lower the upper stable branch of
the stationary cycle average profiles and increase the region of
stabilized operation at a given forcing frequency. The variation
in frequency causes dramatic changes when there is a phase
shift, Figure 3c. As ¢ and a are varied the separation among the
average stabilized states curves and the lowering of the upper
stable branch are affected, Figure 4. An increase in phase shift ¢
from —0.15 to —0.20, Figures 4a, b, and a reduction in the duty
fraction a from 0.4 to 0.3, Figures 4b, c, enhances the separa-
tion. Three different types of phase shift (¢ > 0 > 0,6 > a > 0,
a > —o > 0) have been considered. The first two types affected
the relative positions of the concentration and temperature
curves in an undesirable fashion, but the third type (¢ > —o >
0) gave promising results for this reactor system.

Other factors, such as the ratio of maximum to minimum flow
rate, have also been studied (Cinar et al., 1987b). As the flow
rate ratio is increased the average steady state curve moves
away from the steady state profile of the system with stationary
inputs.

Reactor system with oscillating coolant flow rate

The equations for the averaged system are obtained using the
procedure outlined above. For square wave forcing of the cool-
ant flow rate the averaged model equations are:

2y = —z; + Da(l — z))(1 — bpz))[1 + £Q1(z3)] exp {Q(x3)},
23 = —Az;(1 + &)(1 + d.DaH,) + ABDa(1 — z,)(1 — bpz))
[1 + £Q%(z5)] exp {Qo(xz)} + xd.DaH, (14)

where £ = [(4Md.Dady/xw) (4] 22, (2k — 1)7*
and Q,, @, are as defined above.

Periodic forcing in coolant flow rate stabilized reactor opera-
tion in the unstable steady state region. For square wave forcing,
the average stabilized state profile was slightly shifted to the
right and its upper stable branch was lowered, similar in shape
to curve 4 in Figure 3a. As before, the stable limit cycle on which
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Figure 4. Effects of phase shift and duty fraction varia-
tions on average steady state characteristics

of CSTR.
a>—~a>0
-------- 2153235/ B

Curves: 1, unforced system; 2, w = 4;3, w = 6; 4, w = 8

the system moves is not due to the stabilization of the saddle
(unstable) steady state, but is due to the migration of the upper
(stable) steady state.

Simulation Results

Simulation studies have been conducted to study the effect of
multiple oscillating inputs on the amplitude of reactor tempera-
ture swings. The amplitudes of fluctuations in the reactor tem-
perature are reduced to a great extent—Figure 5, temperatures
indicated by solid lines—by multiple oscillating inputs. For the
case shown, an increase in residence time from 17 to 22 s (o =
—0.15) or an increase in phase shift magnitude from —0.15 to
—0.20 (r = 22 s) causes slight increases in the amplitude of
reactor temperature swings, but a reduction of frequency from 8
to 5 (6 = —0.15,7 = 17 s) results in a larger amplitude increase.
All of these amplitudes are much smatiler than the amplitudes
observed with single input oscillations in total flow rate (Cinar
et al., 1987a).

Another benefit of multiple oscillating inputs is the separa-
tion of the average dimensionless concentration and tempera-
ture curves, Figure 6. This behavior manifests itself at a dif-
ferent set of parameter values and there is a tradeoff to be made
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Figure 5. Effects of residence time, phase shift, and fre-
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------- xx,;—: x3/B
Horizontal lines indicate stationary cycle averages X,s and X5/ B

between reduction in temperature swings and improvement of
reactor productivity. It is worth noting that the conversion is dif-
ferent than the dimensionless concentration x;. For the system
of Eqgs. 8 with input oscillations in the form of Eq. 6, the average
conversion, C, can be expressed as:

aT/2

E=lT{[1 + U=l [ T x@di+ (1 - adp

/2

[T nwat as)
/2

L3

The difference AC = C — X5 is

aT/2

AC = adp [Els - ;—T- f . x,(0) dt] (16)

Since the term in brackets in Eq. 16 is the difference between
the average value of x5 over a period T and the average value of
x,sover aT, when the amplitude A is small, the difference ACis
small. Numerical investigation of this difference has been car-
ried out, and for ¢ < 0 when 4, < 2, the difference is on the
order of 5%. The effects of A, Ac, o, and 7 variations on improv-
ing reactor productivity are illustrated in Figure 6. Recall that
the X5 and the X,5/B curves (for the z,5 and z;5/ B curves) coin-
cide for the unforced reactor system and the reactor system with
single input forcing (Cinar et al., 1987a). With multiple periodi-
cally forced inputs, the two curves are separated from each oth-
er, Figures 3 and 4. In Figure 6, the stationary cycle averages X5
and X,g/ B as well as z,g and z,5/ B are illustrated for three sets of
operating conditions. Also, the numerical values for cycle aver-
ages and for the average conversion C, which is used as a mea-
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Horizontal lines indicate stationary cycle averages X5 and x;5/B

sure of productivity, are listed. For the various cases shown in
Figure 6 the values of Cand X5/ B are given in the figure. In all
three cases, productivity is slightly higher than that of the
unforced or single input forced systems for which X5 and X5/ B
coincide. Note that z,5 can be used for ¥,5 or C without much
loss of accuracy for small 4. Again, phase shift plays an impor-
tant role in modifying reactor behavior. For example, when o is
reduced from —0.20 to —0.15, Figures 6a, b, for the conditions
stated in Figure 6 the difference between Cand X,5/B is reduced
by 80%. As expected, the deviation of z,g and z;5/ B decreases as
the forcing amplitudes are reduced, Figures 6b, c.

Experimental Results

Experiments have been conducted to verify the stabilization
of reactor operation and the reduction of amplitude in reactor
temperature swings. The conditions leading to separation of the
average conversion line caused crystallization of the Na,S,0,
solution in the feed lines and the control valve, consequently
experiments of this type have not been performed. Experiments
have also been carried out for stabilizing reactor operation by
oscillating the flow rate of a coolant stream, by proportional-
integral feedback control and by nonlinear feedback (push-pull)
control by manipulating the feed flow rates. These experiments
permit a comparison of the various forced periodic control and
feedback control strategies. Theoretical studies and simulations
conducted with feedback control strategies (Rigopoulos, 1986)
are in agreement with the experimental results summarized in
this section.
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Coolant flow rate oscillations

Stabilized operation of the CSTR and this test reaction has
been achieved in earlier studies (Chang and Schmitz, 1975).
Although forced periodic control using coolant flow rate as a
manipulated variable does not offer any economic advantage,
the experiments iilustrate that this approach stabilized reactor
operation as well. Theoretical studies indicate that coolant flow
rate oscillations move the average stabilized state curve to the
right. Experimental results, Figure 7, confirm this shift: At r =
15 s, X35/B = 0.85, 0.88 for w = 3, 6, respectively. In all cases
shown, the system was at the upper stable steady state initially
and a square wave pulse shifting between 1 and 15 mL/s has
been used. At 7 = 10 s the system with stationary inputs is at its
upper steady state, but the system under forced periodic control
converges to the lower steady state, Figure 7, even when the ini-
tial temperature in the reactor is 353 K. The amplitude of the
swings in reactor temperature is relatively small and decreases
with increasing oscillation frequency, Figure 7.

Proportional-integral feedback control

Proportional-integral (PI) control of the CSTR with total
input flow rate as the manipulated variable stabilized reactor
operation at an unstable state. In simulation studies, large con-
troller gains and integral time constants (K, = 7, 7, = 10)
resulted in high-frequency, small-amplitude sustained oscilla-
tions in reactor temperature. Lower controller settings (K, = 1,
7; = 0.9) eliminated the limit cycle and resulted in an under-
damped response without any steady state offset. Experiments
at open-loop unstable set point values (T = 303, 323 K), Figure
8, confirmed the limit cycles but the underdamped response
approaching a steady state value was not attained. The nonlin-
earity of the system and the existence of variable process gain
are displayed by the modification of the limit cycle as the set
point is modified from 323 to 303 K, Figure 8a. If the set point
change is large, retuning of controller settings is necessary. The
control becomes an on/off action with a frequency similar to
that of vibrational control applications. The PI controller han-
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Figure 7. Forced periodic control of CSTR with coolant
flow rate oscillations.
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dles disturbances well. Two types of disturbances were intro-
duced:

1. Direct addition of 240 mL of water at 278.5 K to the reac-
tor (100% of reacting volume)

2. Full opening of the H,0, valve for 20 s.
The response to opening the valve is given in Figure 8b. The
response to water addition is similar except for a sharper reduc-
tion in the reactor temperature after the introduction of the dis-
turbance.

Nonlinear feedback control

Stabilized reactor operation can be achieved by generating a
small-amplitude stable limit cycle around the desired (unstable)
operating point, using a relay with hysteresis as a feedback con-
troller. The design of the relay and the approximate solutions for
this mode of operation can be obtained by describing function
analysis or by Tsypkin’s method (Bruns and Bailey, 1975,
1977). Theoretical studies using Tsypkin's technique and tran-
sient simulations indicated that nonlinear feedback control
would be successful in stabilizing the exothermic CSTR (Rigo-
poulos, 1986). To illustrate the operation of the control system,
suppose that the control objective is to maintain the reactor tem-
perature within an admissible region N of T*, Figure 9a. To
accomplish this goal, two different feed flow rates corresponding
to residence times 7~ and 7*, which yield the unstable states P~
and P* at temperatures 7" and T, are selected. Assume that
at a given instant the residence time is set to 7~ and the reactor
temperature T lies somewhere in the interval T} and T, the
upper and lower switching temperatures. When 7 = 7~ the heat
removal by flow is less than the heat generation by reaction in
this region N and the reactor temperature would increase to
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reach the equilibrium point P~. If the residence time is switched
by the controller to 7+ when T reaches the value TH(T] < 7T7),
the heat removal will become larger than the heat generation,
initiating the reduction of T. When the reactor temperature is
reduced to T = T (T; > T™), 7 is set to 7~ again. By alternat-
ing between 7+ and 7~ as the reactor temperature reaches 7
and T, the process state is pushed and pulled repeatedly by the
unstable steady states P~ and P* and a limit cycle around T* is
generated.

Experiments have been conducted to study the minimum
interval of switching temperatures and the effect of set point
changes and disturbances. Reduction of the switching tempera-
ture interval to a value smaller than 5 K did not result in further
reductions of the amplitude in reactor temperature swings. For a
set point of 323 K the amplitude was about 20 K; for the lower
set point temperatures both the amplitude of temperature
swings and the frequency of oscillation were smaller, Figure 9b.
Responses to disturbances have similar shape to those of the
CSTR with PI controller, Figure 8b, but recovery duration was
twice to three times longer. A comparison of the two feedback
techniques, Figure 9¢c, shows that the PI controller causes oscil-
lations with a frequency almost twice as high as that of nonlin-
ear feedback. This is expected since the PI controller takes
action whenever there is a deviation from the set point, while the
push-pull controller acts when the reactor temperature reaches
the switching points. Consequently the amplitude of the reactor
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temperature swings is smaller under PI control at the expense of
more frequent valve actions.

Forced periodic control with multiple oscillating inputs

Experiments have been performed to study the effects of vari-
ations in oscillation frequency and in phase shift at various resi-
dence times. The oscillation amplitudes have been kept at the
maximum values since earlier studies (Cinar et al., 1987a) con-
firmed that increasing the amplitude moves the upper branch of
the average temperature curve away from the upper steady state
loci of the system with fixed inputs, enabling stabilized opera-
tion in the unstable steady state region. Also, the nonsymmetric
rectangular waveform has been used in the experimental studies
since it is more effective than sinusoidal forcing functions
(Cinar et al., 1987a) and much easier to implement.

Experimental results at various frequencies, phase shifts, and
residence times, Figure 10, confirmed that stabilized reactor
operation can be achieved with multiple oscillating inputs. The
unforced reactor temperature is shown in Figure 10at ¢ = O's for
each experiment. The amplitudes of the reactor temperature
swings were much smaller than the amplitudes observed with
oscillations in one input and often they were smaller than the
amplitudes observed in feedback control experiments. Experi-
ments at high frequency (w = 8) were conducted at two dif-
ferent phase shifts. At ¢ = —0.15, a reduction in residence time
did not result in a large reduction in reactor temperature oscilla-
tions, Figure 10a, b, ¢. At ¢ = —0.20 the reduction in tempera-
ture swings was much more pronounced when the residence time
was decreased from 7 = 22 s to 7 = 20s, Figure 10d, e, but at
lower values (r = 18 s) the extinction of the reaction was
observed and the system converged to the lower stable steady
state, Figure 10f. As expected, at a lower frequency (w = 5), the
reactor temperature had a larger amplitude of oscillation, Fig-
ures 10g, h, i. Again, the temperature oscillation amplitude was
reduced with decreasing 7.

The average temperatures of the stabilized responses, Figure
11, agreed with the shape and location of the theoretical steady
states, Figure 3c. Forced periodic operation indeed lowered the
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upper stable branch of the average temperature loci as shown in
Figure 3 and permitted stabilized reactor operation in the unsta-
ble steady state region. For the operating conditions used, at a
given temperature in the unstable steady state region, the aver-
age residence time under forced periodic control was greater
than that of the system with fixed inputs. As discussed earlier,
the closeness of the two residence times depends on the operat-
ing conditions, and the constraints of the experimental system
did not permit experimental validation at the conditions where
the two residence times coincide.

Disturbance rejection under forced periodic control has been
assessed by instantaneous addition of 70 mL of water at 278 K
to the reactor, Figure 12a, and by closure of the H,O, valve for 6
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Figure 12. Effect of disturbances under forced periodic

control with phase shift.
A. Addition of 70 mL water

B. Closure of H,0, valve

Ap = 1.66; Ac = 1.36; 0 = 0.4
7=18;w=8,6 = —-0.15
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s, Figure 12b. In both cases the system returned to the original
stationary cycle.

Conclusions

Stabilized reactor operation in the unstable steady state
region is achievd by all of the control techniques used in this
study. PI feedback and nonlinear feedback control provide the
security of a closed-loop feedback. Forced periodic control, on
the other hand, is an open-loop control strategy and would be of
value when measurements are costly and difficult or involve long
time delays. For some of the control techniques, the manipu-
lated variable used has a strong effect on the behavior of the
reactor system. Three manipulated variables—feed flow rate,
feed concentrations, and coolant flow rate—have been consid-
ered. While manipulations in feed flow rate or concentration do
not cause additional costs, manipulation of coolant flow rate
necessitates the existence of a cooling system, which increases
capital and operating costs. Consequently, both process con-
straints and process economics will influence the selection of the
control strategy and manipulated variable.

All control techniques and manipulated variables, except Pl
control with coolant flow rate manipulation, form an asymptoti-
cally stable limit cycle instead of the unstable steady state of the
uncontrolled system. This results in sustained oscillations in
reactor temperature. Experimental results indicate that the am-
plitude of reactor temperature swings can be smaller under
forced periodic control with multiple oscillating inputs than
under PI or push-pull control with feed flow rate manipulation.
Phase shifts between oscillating inputs have a strong influence
on reactor behavior and the range of phase shift which improves
the response must be determined.

The theoretical contribution of this paper is based on an
asymptotic method for the analysis of nonlinear systems with
fast parametric oscillations. Using this method, techniques have
been developed for assessing the effects of various parameters,
such as forcing frequency and phase shift, on the behavior of a
nonlinear system. The method and the techniques developed are
general in nature. They can be used for a large class of chemical
reactors modeled by ordinary differential equations, addressing
not only the stabilization problem but also other relevant prob-
lems such as selectivity and yield improvement by forced peri-
odic operation.
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Notation

A, Ac, Ar, Ay = amplitude of oscillation of coolant flow, concentra-
tion, flow rate, heat transfer coefficient
B = dimensionless parameter group {—AH ¢ vp Cp Tr
(1 +m C/(p C I}
b = ratio of stoichiometric coefficients (Na,S,0;/H,0,)
¢4, cg = hydrogen perioxide (A4) sodium thiosulfate concentra-
tions
Cp, C,, Cp, = heat capacity of reacting mixture, reactor material,
coolant
AC = defined under Eq. 16
Da = Damkohler number, ¢z ko exp (—v) 7
d. = exp (v)/(pCrVecsrko)
E = activation energy
F = flow rate
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H = effective heat transfer coefficient
AH = heat of reaction
K, = feedback controller gain
ko = reaction rate constant
m, = mass of solid material in contact with reacting mate-
rial
p — ratio of feed concentrations, ¢/ car
Q = energy removed by cooling coil
Qio123(23) = defined under Eq. 13
Qo(x3) = defined under Eq. 2
g. = coolant flow rate
R = universal gas constant
S = defined under Eq. 13
T = period of oscillation
T, = coolant temperature
T, = reactor rise time
T’ = reactor temperature
t, t — time, dimensionless time ¢'/7
V = reactor volume
x, = dimensionless H,O, concentration, (¢ — ¢4)/Caro
X, = dimensionless Na,S,0; concentration, (cgry — ¢5)/
Caro
x3 = dimensionless reactor temperature, (T* — T5)y/Tr
x. = dimensicnless coolant temperature, (7, — Tp)v/Tr
X,1(), Xo() = defined under Eq. 10
Y1, Y2, V3 = dimensionless H,0,, Na,S,0; concentrations and
temperature, respectively, in standard form
z,, 25, Z; = average dimensionless H,0,, Na,S,0; concentra-
tions and temperature, respectively, in oscillatory op-
eration

Greek letters

o = duty fraction of nonsymmetric rectangular pulse
o = parameter ¢/ Ay
Bk, Bx = defined under Eqgs. 6, 13
v = dimensionless activation energy, E/(RTr)
Yas Yo = defined under Eq. 13
¢ = parameter 1/T,w
6§ — fast time ¢ /¢
A = dimensionless group 1/[1 + m,C,/(pCp¥V')]
uy = defined under Eq. 9
v, = defined under Eq. 9
£ = defined under Eq. 14
p, p. = density of reacting mixture, coolant
¢ = phase shift
7 = residence time V/F
7; = feedback controller reset time
o', w = frequency, dimensionless frequency (w = '7)

Subscripts

¢ = coolant property
F = feed state
m = minimum value
M = maximum value
0 = average value
S = steady state
s = switching value
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